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Social Optima in Robust Mean Field LQG
Control: From Finite to Infinite Horizon

Bing-Chang Wang

Abstract—This article studies social optimal control of
mean field linear-quadratic-Gaussian models with uncer-
tainty. Specially, the uncertainty is represented by an un-
certain drift, which is common for all agents. A robust
optimization approach is applied by assuming all agents
treat the uncertain drift as an adversarial player. In our
model, both dynamics and costs of agents are coupled by
mean field terms, and both finite- and infinite-time horizon
cases are considered. By examining social functional vari-
ation and exploiting person-by-person optimality principle,
we construct an auxiliary control problem for the generic
agent via a class of forward-backward stochastic differen-
tial equation system. By solving the auxiliary problem and
constructing consistent mean field approximation, a set of
decentralized control strategies is designed and shown to
be asymptotically optimal.

Index Terms—Forward-backward stochastic differential
equation (FBSDE), linear quadratic optimal control, mean
field control, model uncertainty, social functional variation.

[. INTRODUCTION

A. Background and Motivation

EAN field games and control have drawn increasing at-
M tention in many fields, including system control, applied
mathematics, and economics [4], [6], [12]. The mean field game
involves a very large population of small interacting players with
the feature that while the influence of each one is negligible, the
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impact of the overall population is significant. By now, mean
field games and control have been intensively studied in the
linear-quadratic-Gaussian (LQG) framework [17], [18], [24],
[29], [37], and there is a large body of works on nonlinear
models [7], [20], [23]. Huang et al. designed e-Nash equilibrium
strategies for LQG mean field games with discount costs based
on the proposed Nash certainty equivalence (NCE) approach
[17], [18]. The NCE approach was then applied to the cases with
long run average costs [24] and with Markov jump parameters
[38], respectively. Lasry and Lions independently introduced
the model of mean field games and studied well-posedness of
limiting partial differential equations [23]. For further literature,
readers are referred to [16], [38], and [40] on mean field games
with major players, [7] on probabilistic analysis of mean field
games, and [42] on the oblivious equilibrium in dynamic games.

Besides noncooperative games, social optima in mean field
models have also drawn much attention. The social optimum
control refers to that all the players cooperate to optimize the
common social cost—the sum of individual costs, which is
usually regarded as a type of team decision problem [13]. Huang
et al. considered social optima in mean field LQG control,
and provided an asymptotic team-optimal solution [19]. Wang
and Zhang investigated a mean field social optimal problem
where a Markov jump parameter appears as a common source
of randomness [41]. Also, see [21] for social optima in mixed
games, [2] for team-optimal control with finite population and
partial information, and [31] for mean field limit of dynamic
team problems.

Mathematical models can only be approximations of the real
world. Actually, some parts of a model may be inexact. Thus,
it is worthwhile to study the mean field control with model
uncertainty [3]. The works [14], [15], [36] investigated the mean
field games and control with a global uncertainty term. The
“hard constraint” case (the disturbance is specified with a bound)
was considered in [14] under which the substantial difficulty
arises after the Lagrange multiplier is introduced. Huang et al.
[15] and [36] adopted the “soft constraint” approach ([3], [5],
[9]) by removing the bound of the disturbance while the effort
is penalized in the cost function. The works by Moon et al.
[29], [35] considered the case that each agent is paired with
the local disturbance as an adversarial player, and provided
an e-Nash equilibrium by tackling a Hamilton—Jacobi-Isaacs
equation combined with a fixed-point analysis.

B. Challenge and Contribution

This article investigates mean field LQG social optimum
control with a common uncertain drift, where both dynamics
and costs of agents involve mean field coupled terms. To address
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the model uncertainty, a minus quadratic penalty term of drift
is incorporated into the cost functional. There exist some sub-
stantial challenges in studying the problem. First, different from
[15] and [35], the socially optimal control with respect to drift
uncertainty is a high-dimensional optimization problem with
indefinite state weights. The corresponding convexity condition
is very hard to verify. Second, by social variational derivation,
the resulting limit system is governed by a controlled forward-
backward stochastic differential equation (FBSDE). To design
decentralized strategies, we need to solve the auxiliary optimal
control problem subject to an FBSDE system. Meanwhile, the
asymptotic optimality analysis is different from general mean
field LQG problems since two sequential optimizations are
involved in the soft control setup. Third, for the social optimum
problem in the infinite horizon, we face with tackle infinite-
horizon FBSDEs and relevant optimal control problems.

In this article, the social optimum control for the robust mean
field LQG model is tackled by using stochastic maximum prin-
ciple [44]-[46]. For the finite-horizon problem, we first obtain
some low-dimensional convexity conditions and a set of FBS-
DEs by analyzing the variation of the centralized maximization
cost to drift uncertainty. With the help of the Riccati equation, we
further obtain a feedback type of the “worst-case” drift for the so-
cial optimum problem. Next, we construct an auxiliary optimal
control problem based on the social variational derivation and the
person-by-person optimality principle. By solving the auxiliary
problem combined with consistent mean field approximations,
a set of decentralized control laws is designed and further shown
to be asymptotically robust social optimal by perturbation anal-
ysis. Finally, from asymptotic analysis to FBSDEs, we design
decentralized strategies and show their robust optimality for the
infinite-horizon social optimum problem.

The main contributions of the article are summarized as
follows.

1) Social optimum control is studied for mean field models
with a common uncertain drift, where coupled terms
are included in both costs and dynamics of agents. By
FBSDE and Riccati equation approaches, we design a set
of decentralized feedback control laws.

2) By examining the social cost variation, we give low-
dimensional convexity conditions and asymptotic con-
vexity analysis for robust social optimum problems.

3) From consistency requirements in mean field approxima-
tions, a system of differential equations is derived. The
existence condition of solutions to consistency equations
is characterized by a Riccati equation, instead of fixed-
point analysis.

4) From perturbation analysis to FBSDE, decentralized
strategies are shown to have asymptotic robust optimality.

5) By analyzing asymptotic behavior of FBSDE, decen-
tralized strategies for the infinite-horizon problem are
designed and further shown be robust social optimal.

C. Organization and Notation

The organization of the article is as follows. In Section II,
we consider the finite-horizon social optimization problem with
drift uncertainty. By variational analysis, the centralized control
with respect to drift uncertainty is obtained. Then, an auxil-
iary optimal control problem is constructed based on person-
by-person optimality. By solving this problem combined with

consistent mean field approximations, a set of decentralized
strategies is designed and further proved to be robust social
optimal. Section III tackles the infinite-horizon social optimum
problem. In Section IV, a numerical example is provided to
verify the result. Section V concludes the article.

Notation: Suppose that (2, F, {F; fo<t<T, P) is a complete
filtered probability space. Denote by ® the Kronecker product,
I,,, m-dimensional identity matrix. We use || - || to denote the
norm of a Euclidean space, or the Frobenius norm for matrices.
For a symmetric matrix () and a vector z, HZH% =2TQz

for two vectors z,vy, (x,y) = xTy. For a matrix (vector) M,
M7 denotes its transpose, M > 0 means that M is posi-
tive definite. Let L%(0,7;R¥) denote the space of all R¥-
valued F;-progressively measurable processes () satisfying
]EfOT |lz(¢)||*dt < oo, and L%%(O,OO;R’“) denote the space
of all R¥-valued F;-progressively measurable processes z(-)
satisfying E [ e 7!||z(t)||*dt < 00.C([0, T], R¥) is the space
of all R¥-valued functions defined on [0, 7], which are contin-
uous; C,, ([0, 00),R¥) is a subspace of C([0, 00), R¥) which
is given by {f| [;° e | f(t)||*dt < co}. For convenience of
presentation, we use C' (or C7,C5,...) to denote a generic
constant, which may vary from place to place.

Il. RoBUST MEAN FIELD SOCIAL CONTROL OVER A
FINITE HORIZON

Consider a large population systems with /N agents. The ith
agent evolves by the following stochastic differential equation:

dz;(t) = [Az;(t) + Bug(t) + Ge™(t) 4 f£(t)]dt
+odWi(t), 1<i< N ()
where x; € R™ and u; € R" are the state and the input of agent
i, respectively. (V) (1) = & Z;V:l z;(t). {W;,1<i< N}are
a sequence of mutually independent d-dimensional Brownian
motions. f € L%(0,7;R™) is an unknown disturbance, which

reflects the effect imposed to each agent by the eternal environ-
ment. The cost function of agent  is given by

1

T
170 = 52 [ {llt) -0 -l

1
Hlws Oz, = 1F N7, } dt+ SEle:(DE @)

where @, Ry, Ry, H € R™*™ are symmetric, I' € R™*" and
ne€R™ uw={uy,...,un}. Take {F;}o<t<T as the natural
filtration generated by the Nd-dimensional Brownian motion

(Wi,...,Wy). Denote JE (u) = 2N, JF (u). Let the social

socC
cost under the worst-case disturbance be

T (u) = sup JE (u, f).

sSocC
feuf

Define the centralized control set as

Ut = {ui| ui(t) € o(z;(0), Wi(s),0 < s <t, 1<i<N)

E/OTlui<t>|2dt< )

and the decentralized control set as

Uii = {uZ | u;(t) € o(x;(s), Wi(s),0 < s <t)

E [ st < oo}.

3)
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Initially, we consider the following problem.

Problem (PF): Seek a set of centralized control laws
(w1, ...,uyN) to minimize the social cost under the worst-case
disturbance for System (1)=(3), i.e., inf,, e J3e ().

Due to accessible information restriction and high computa-
tional complexity, one generally cannot attain centralized social
optima, but asymptotic social optima under decentralized con-
trol, i.e., the optimality loss tends to O, when N — oco. Thus, we
mainly study the following problem in this article.

Problem (PFa): Seek a set of decentralized control laws
(ti1,...,an) inUY, to asymptotically optimize the social cost
under the worst-case disturbance for System (1)-(3), i.e.,

Jee(u) — inf J¥O(u)| = o(1).
w; EUF

Remark 2.1: Different from [15] and [35], we assume the
disturbance f is a common stochastic process. Here, f may
denote the impact from tax, subsidy, or physical factors. Thus,
agents may be conservative to anticipate the disturbance would
use the information of all agents to play against them.

Remark 2.2: The notations JF', JE _, and JY° are actually
dependent on N. However, for sake of expression simplicity,
here we will not explicitly write out /V. This is also applicable
to JSI“;C, Jis Jsoc, - - - in the following sections.

We make two assumptions as follows.

(A0) {2,;(0)} are independent random variables with the same
mathematical expectation. z;(0) = z;p, Ez;(0) = Zp,1 <7 <
N. There exists a constant Cy such that max;<;<y E||z;0|* <
Cy. Furthermore, {x;0,7=1,...,N}and {W;,i=1,...,N
are independent of each other.

(A1) @ >0, Ry >0, Ry > 0,and H > 0.

From now on, the time variable ¢ might be suppressed if
necessary and no confusion occurs.

A. Control Problem With Respect to the Disturbance
Let u; = ; €UY,i=1,..., N be fixed. The optimal con-
trol problem with respect to the disturbance is as follows:
(P1) maximize yc;r JE (@, f).
Clearly, (P1) is equivalent to the following problem:

(P1)minimize¢cyr J5,. ()
where
T
0

. 1
Tef) =5 308 [ {- o =T <l 11, }
=1

1
- iE”mi(T)”%{'

Let x= (2T, ..., 20)T,u=(uT,...,«)T,1=(1,...
HDT,W =W, ... WhHT A =diag(A,...,A),B = diag
(B,...,B),6 = diag(o,...,0),H = diag(H,...,H),Q =
diag{Q,...,Q} — +117 ® ¥, and 7 =1 ®17j, where V¥ 2
I'"Q+Qr —I'TQI' and ﬁéanFTQn. We can write
Problem (P1’) as to minimize

T
JE(f) = %]E/O (—xTQx +27Tx + NfTR2f> dt
— SER (THX(T)

subject to
dx(t) = Ax(t)dt + Bu(t)dt + 1 ® f(t)dt + 6dW (t).

where A 2 A + +(117®G).

For the further existence analysis, we introduce the following
assumptions:

(A2) Problem (P1’) is convex in f;

(A2') Problem (P1’) is uniformly convex in f.

Below are some necessary and sufficient conditions to ensure
(A2) or (A2)).

Proposition 2.1: The following statements are equivalent:

i) Problem (P1’) is convex in f.

ii) For any f € UF

T
| (-7 @y N Rag ) dt = (T > 0
where y € R™Y satisfies

dy = (Ay +1® f)dt, y(0) = 0.
iii) For any f € U¥

T
2
| {0 =0l + 1515, Yt = )1 = 0
where fori =1, 2, ..., N, y; satisfies
dy; = [Ay; + Gy™) + fldt, yi(0) =0. @
Proof: (i) < (ii) is given in [15] and [25]. From (4), we have
Y =Yg =+ =YnN = y(N).Thus,

T
| (=57 ay + N Rar) e~ Iy

N .1 N
=Z/O Cllys = Twillyy + 1713, ) dt=>"lu (D11
i=1 i=1

— NUOT(H(IF)yz‘||2Q+||f||?zZ) dtllyi(T)H%[] )

which implies that (ii) is equivalent to (iii). |
Proposition 2.2: The following statements are equivalent
i) Problem (P1’) is uniformly convex in f.
ii) There exists 6 > 0 such that

T T

| (57 Qv+ NI Raf) de = Iy(Dl = 6 [ 1
iii) The equation

P+A"P+PA-Q-PA Q) (NRy)'AT@ P =0

with P(T) = —H admits a solution in C([0, T]; R™Y).
iv) The following equation admits a solution in C'([0, T]; R™)

P+(A+G)TP+P(A+G)— PRy'P
~(I-1)Y'Q(I-T)=0, P(T)=-H.
v) For any ¢ € [0, T],det[(0, I)eA(0,1)T] > 0, where

A+G+Ry'H -Ry!
A pr—
Aoy —(A+G+Ry'H)T
with Agy = HRy'H + (I -T)TQ(I —T) + (A+ G)TH +

H(A+ Q).
Proof: (1)<(ii) isimplied from [15] and [25]. (i)<>(iii) is given
by [33, Th. 4.5]. By (5) and (ii), we have

g 2 2 2 g g 2
—Ily: Ny (D > = .
LAl + 1913, e = DI = 5 [ 1P
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By [33, Th. 4.5], we obtain (ii)<>(iv), which further implies
(1)=(iv). (iv)<(v) is given by [15] and [27]. [ |
By variational analysis, we obtain necessary and sufficient
conditions for the existence of centralized minimizer of (P1’).
Theorem 2.1: Assume (A0)—(A1) hold. (P1’) has a mini-
mizer in /¥ if and only if (A2) holds and the following equations

admit a set of solutions (Z;, P;, Bz ,i,7j=1,...,N):

di; = (A%; + Bu; + GE™ — Ry 'p\" ))dt+adWi

— [AT D; +
N

+ i

#;(0) =m0, pi(T) = —H2;(T), 1 <i < N

dp; = GTp\™ — Qz; + wa™ + qldt
(6)

Blaw;

where p(V) = L Zj\;l P, and furthermore the minimizer is
f =B,

Proof: Suppose that f is a candidate of the minimizer of (P1").
Denote by &; the state of agent ¢ under the control %; and the
drift f. Forany f € U and € € R, let f* = f + &f. Let x5 be
the solution of the following perturbed state equation:

N
, G
daf = (AfoerJrereer Nfo
i=1
with 25(0) = @0, i =1,2, ..., N. Let y; = (5 — &;) /e, and
y(N) = Zf\]:l y; /N. It can be verified that y; satisfies (4). Let
{Di, Bg,z’,j =1,...,N} be a set of solutions to BSDE in (6).
Then, by It6’s formula,
—E(HZ:(T), y:(T))

> dt + odW;

T
=B [ [T+ G - Qa0 4 ) )
0

+ (ps, Ay + Gy )| dt )
We have
Joe(f +ef) = wJﬁ:wAr+§A2 ®)
where
N T
2 578 [ (-0 40, 5Ty ™)
i=1 70
N
+(Raof, f)] dt — Z]E<H5?i(T> vi(T))
i=1

N T
222 ST [l =T+ 1 et = (I}
i—=1

Note that

ZE/
-2 [(rray (-
:jg:l]E/oT<

Q(i; — (T 4+ ), y(N)>dt

N)+n> Z%>

) ((I —T)E) - 77) ;).

From (7), one can obtain that

IEJZ/

v =Ty ™) + (Bof. 1) at

Q& — (T2 +n))

+ZJE/[ (ATp; + GTp) — Qi + W™ +7p),

vi) + (i, Ayi + Gy ) dt.

T 3 N
:]E/O <NR2f+;pi,f>dt

From (8), f is a minimizer to Problem (P1”) if and only if Ay > 0
and A; = 0. By Proposition 2.1, A5 > 0 if and only if (A2)
holds. Indeed, if (A2) does not hold, the minimization problem
is ill-posed (see, e.g., [33]). A; = 0 is equivalent to

f=-Ry'p".

Thus, we have the optimality system (6). Namely, A; = 0 if and
only if (6) admits a solution (&;, p;, 51 ,j=1,...,N). N

Let i) = LSV 4, and pV) = L Zi:l p;. It follows
from (6) that
di®™) = (A+ G)z™N) + Ba™N) — Ry'pN)) dt

+ &N adw;
dp(N [(A +G) Tp(N) 4

"’ﬁ Zi:l Zj:l /Bgde
#N(0) = % 2, wio, PN(T) = —HFM(T),

Proposition 2.3: The FBSDE (6) admits a set of adapted
solutions (Z;,p;,¢ =1,...,N) if and only if (9) admits an
adapted solution (V) p(N ))

Proof: If (9) admits an adapted solution (), 5(V)), then (6)
is decoupled. The existence of a set of solutions to (6) follows.

The part of necessity is straightforward. |
We further discuss the optimal feedback control of (P1').

(U — Q)™ +q|dt (9

LetpM)(t) = P(t)2N) (¢) + 5(t),t > 0, where P € R™*™ and
§ € R". Then, by (9), we have
dp™) = P (A + &)™) + Ba™) — Ry'pM)dt
1 N
- . 57(N) 5
+ ;adWZ + PeNdt + d3
—[(A+ &Pz 4 5) + (T - Q)z™V)
1 N N .
+ldt + SN plaw;.
i=1 j=1
This implies
P+(A+G)TP+PA+G)—PR,'P

~(I-D)'QUI-T)=0, P(T)=—-H
ds+[(A+G)T

(10)
54 PBu™) 4 qldt
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N N _ 1
1 s T T
el Y —0 (T — ds= — |(A+G)" 53+ =PB(1 ®Iu]dt
A (§ ) an o sn=o0  an (A+6)Ts+ L PBAT S )
~ A o 1 X
where G = G — R;'P. + =Y Y AW, 3(T) =0 (17)
By the local Lipschitz continuous property of the quadratic i=1 =1
function, (10) must admit a unique local solution in a small time
duration [Ty, T]. The global existence of the solution can be By [44, C}; 7land (I7) .
referred to [1] and [11]. From Proposition 2.2, we obtain that . 9 4 T 9 9
under (A2’), (10) has a unique solution in C'([0, T, R™*™). E 0 I5@)l"dt < WE 7 @ Il l[u(t)ldt
Theorem 2.2: Under (A0), (A1), and (A2'), Problem (P1’)
. . . C
hasamlnlr{llzer < Yig Hu(t)||2dt. (18)
F(t) = =By P () + 5(t)], t 2 0 N

(12)
where P and § are solutions of (10) and (11), respectively.
Proof: Under (A2'), (10) admits a unique solution P, which
implies (11) has a unique solution $ in C([0,T],R™). By [27,
Theorem 2.4.1], (9) admits a unique solution (&), p(N)),
where V) = P#(™) + 5. From Proposition 2.3, (6) is solvable.
This with Theorem 2.1 completes the proof. |
Remark 2.3: From the above analysis, (A2') is sufficient for
solvability of (6). Indeed, from [27], (A2') is also a necessary
condition to ensure solvability of (6) holds for any w; € UF.

B. Distributed Strategy Design

After the “worst-case” drift f is applied, we have the following
optimal control problem.

(P2): Minimize JE (u, f(u))over {u; € UF,i=1,...,N},
where
dr; = [Az; + Bu; + Ga™) — RyY (Pz™) 4 s))dt
+odW;, 1<i<N (13)

ds = — [(A +@)Ts 4+ PBu™) + 7‘)} dt
1 N N
— B — VAW, s(T) =0 (14)
Py ()
F 1 a T (N) 2 2
Toe(w) = 5 3°F [ o= =l + sl

I
_

(2

1
P2 4 3||?%51}dt+§]EHxi(T)H?{' (as)

We first show that Problem (P2) has the property of uniformly
convexity under certain conditions.

Lemma 2.1: Assume that (A0), (A1), and (A2) hold. Then,
there exists a constant Cy > 0 with R; > Cyl and R2 > Col
such that (P2) is uniformly convex in u, where ul

Proof: Denote Q =diag{Q,---,Q} — llTp ® (U +
PR;'P), R, =diag{Ry,...,R;}, A= dlag{A LAY+
+117 ® (G — R, ' P). By a similar argument with [25], we
obtain that Problem (P2) is uniformly convex if for any u; € UY

T
]E/ (z"Qz+u"Riju— N3"R;'3) dt
0

T
VE[T)Ih 2 0E [ ulPar
0

where z € R™Y and 3 € R" satisfy

dz = (Az+Bu—1® R;'5)dt, z(0) =0 (16)

This with (16) leads to E [ Hz\Pdt < o [ ||ul[?dt. Note
that

mm(Q)_ [A'max(\I/)+)\max(PR271P)]
> — [Amax () + Amax (PR3 ' P)]

mm(Q)

where Ayin(Q) and A, (@) are smallest and largest eigenvalues
of @, respectively. From this with (18), there exists § > 0 and
Co > 0 such that for Ry > Cyl and Ry > Cyl

T
IE/ (2" Qz+u"Riu— N3"R;'3) dt + E||z(T) |}
0

zE/OT [u"(Ry -
|

1) Social Variational Derivation: Note that the social op-
timum implies the person-by-person optimality [13]. We now
provide a transformation of the original social optimum prob-
lem by variational derivation and person-by-person optimal-
ity. Suppose that & = (a1, ..., %y) is a minimizer to Problem
(P2), where 1, € UY. Let i; correspond to uj, j =1,...,N

T
Col,n)u] dt > 0E / (uTu)dt.
0

and #V) = % Z;\le Z;. Let § correspond to 1, ..., Un.
Fix @_; = (U1,...,%—1,%+1,...,0n), and perturb u;. De-
note (5uz = U; — ’Qi, (Sl‘j =T; — i‘j, 5.13(N) = % Zj\le (Sl‘j and
0s = s — §. Let the strategy variation du,; be adapted to F; and
satisfy E fOT [|du;||?dt < oco. Let §.J; be the variation of .J; with
respect to du;. By (13) and (14)

d(Sl'j

dt

G G _
= A(SIj + N(Sl’z + N ;5@6 — R2158

j#i. 82;(0) =0

dés = — {(A +G)Tos + ;IPB&M} dt

1 N N )
+ 5 2D 0BldW;, 8s(T) =0

i=1 j=1

19)

where G 2 G' — Ry ' P. This implies dxj = dxy, forany j, k #
1. Thus

d5$j N—1_ G
—=A+—FG | dz; + =dz;

7 ( + N G) T+ NO*
which gives that

t
dx;(t) :/ oA+
0

—Ry18s,02,(0)=0

G)(t-=7) (]C\TY[(;@(T) - R2155(T)> dr.
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We further have

sxM(t) = —(59&1

/ + 25 (t-)

X (]C\;’[(SLL'Z‘(T) - R, 163(7))

By this with (14), one can obtain

6Jf (u, f) = / {[#; — TN — T Q[éx; — Do)
— (PE™) 4 )T Ry (Po2z™N) + 65)
and for j # i

5JF (u, f) = E / ! [(x 1™ —)TQ(6z; — Tox™)
J ? J
0
—(Pi™ 4 TRy (Psz ™ + 55)] dt
+Elz] (T)Hox;(T)].

The above equation further implies that

DLEAC))

J#i

T
e (-
0 K3

t - _
/ e(A+7N1\?1G)(t—T)(G5xZ- — NR;I(Ss)dT — 1—‘5331‘:|
0

N]\; 1(M(N) +n))TQ[<I—NN1F)

2 t B
— (Pz™) + 5)TRy! {P ((N _2” / (ARG (t-5)
N 0
_ N —
-Gox;ds+———

15951) (N —1)58] dt+]E[( ()T

H/ AT ONT0) G5z, — NRzl‘SS)dt}

where x ) = % Zj# Z;. Let 01p; = Nds. Then, from (19)
dsyy; = — [(A + @)1 + PBou) dt

+ Z Z 861 dw;
i=1 j=1
Since all agents in (1) and (2) are in the symmetric setup
(statistically exchangeable when no controls applied), then for
large N, it is plausible to approximate #"V) by a deterministic
function x (see [10], [22], [31]). The zero first-order variational
condition combined with the mean field approximation gives

T
IE/ {(#; —Tz—n)"Qézx; — [(I -T)z —n)" QT
0
(I-T)z

t = _
- (P£+§)TR§1P]/ AT (G, — Ry ;) dr
0

LSU(T)=0. (20)

+ (Pz+5)"Ry' P ow; + n QU —T)

— (Pz + 5)" Ry 00 + 4l Rydu; + 77 (T)HeA+ T
x(Gox; — Ry' o)} dt + E[z] (T)Hoz;(T)] =0  (21)

where 7 € C([0,T],R™) is an approximation of &), From
observation, (21) is the zero variation condition for the optimal

control problem with the cost function

Ji(us)
T
—3E [ {efQu 2= (@ -z -n"qr
— Tz +n)TQ — (Pz +35TRy' Pla;

+2[(I-D)z=n)"QU ~T) -
t _
X / AT (G — Ry Yy )dr
0
+ .fT(T)He(A+é)(T7t)(G{L‘i — R;l’(/lz) + U?Rlui

1 (T)Hay(T)]

(Pz+35) "Ry P

—2(Pz+3) Ry } dt + %E[m

1 T
v =3k / {2l Qu; —2 Yz + 7+ (Pz+35)"Ry' P x;
0

+ 20T (G — RyY4b)—2(PZ + 5)T Ry Ya;

+uf Ryu; b dt + %E[xiT(T)Hxi (T)] (22)

where the second equality holds by an exchange of order of the
integration, and

u(t) £ / " ey (I -1)"Q((I - T)z — n)

PRy (Pz +5)] dr + AT T g(T).

2) Mean Field Approximation: Based on (13), (20), and
(22), we construct the following auxiliary optimal control prob-
lem.

(P3): minimize J} (u;) over u; € UY 1.;» Where

dv; = [A%; + Bu; + G — Ry' (PZ + 3)]dt

+ odW;, 1‘1(0) = 0 (23)
dip; = — [(A+ G)"; + PBu;] dt
+ 2HdW;, ¢i(T) = 0. (24)
_ 1 T
JE (u;) = 51@/ (2] Qx; — 2(Pz +5)" Ry ' Py
0
— 20z + )y + 207 (G; — Ry'ay)
—2(Pz + 8)" Ry " + uf Ryug) dt
1
+ B[] (T)Hai(T)). (25)
Here 5, v are determined by
§=—(A+G—-Ry'P)'5—PBu—17, 5(T)=0 (26)
—(A+ &)= [(I-D)TQ(UI -T)z —1n)
—PRY(Pz +3)], v(T) = Hz(T) 27)

and z,u € C(]0,T],R™) are to be determined by consistency
equations later.
Theorem 2.3: Assume that (A0), (A1), and (A2') hold. Prob-
lem (P3) has a unique optimal control
a;(t) = —Ry'BT[ki(t) — P()I()], 1<i< N (28)
where (I, k;, (;) is a unique adaptive solution to the following
(decoupled) FBSDE:

= [(A+ G)l + Ry'v + Ry (Pz + 5)]dt,1(0) = 0 (29)
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dk; = — {ATk; + Qx; — (VT + 1) — PRy (PZ + 3)

+GT v} dt + GdW;, ki(T) = Hiy(T). (30)
Proof: Since @@ > 0 and R; > 0, then from [15] and [25],

(P3) is uniformly convex in u; and there exists a unique optimal
control for (P3), denoted as ;. Then

0= 68J; (i)
T
= E/ [(Qx;—Wz—n)"63; — (PZ + 5)" Ry ' Poa;
0

+ 0T (Gox; — Ry'op;) — (P7 + 5)Ry oy

+uf Ridw;| dt + E[x] (T)H6x;(T))] (31)
where du; = u; — u;, 0T; = T; — Ty, and d; = '(/)i — 1;1 Note
that (29) and (30) are decoupled. Given z, @ € C([0,T],R"™),

(29) is a standard linear BSDE and so has a unique solution
(ki, ¢;). Note that

d(6a;) = (Adx; + Bou;)dt
(i) = — [(A+ G)"6¢p; + PBow;] dt
N N _
+ 3> " apldw;, ¢i(T) = 0.
i=1 j=1

By Itd’s formula, we have
Elx] (T)Héx;(T)]

=E[k] (T)02;(T) — k] (0)62;(0)]
:E/o (@i — (vz +7)

—PRy Pz +5) + GTv]" 6; + kT Bou, }dt
and
E[I"(T)8¢i(T) — 1(0)5¢:(0)]
T
= E / [(Ry'v + Ry' (Pz + 8))"6v); 1" PBéw;] dt.
0
This and (31) gives
T
0=E / (Ryu; + BT k; — BT PI)T u;dt
0

which implies 4; = R;'BT (Pl — k;), 1 <i < N. |
Let k; = K&; + ¢. Then, by (23) and (30)

dk; = K(Ax; — BR{'BT (Ki; — Pl + ) + GZ
— RyY(PZ +5))dt + KodW,; + Ki; + ¢
= — {AT(KX; + ¢) + Qi; — (VT + 1))

— PRy (Pz+3) + GTv} + GdW;
which implies
K+ ATK + KA— KBR;'BTK +Q =0

K(T)=H (32)
¢+ (A—BR'B"K)'¢ + KBR, BT Pl

+ KG% — KRy's — (Vz + )

— PRy (P2 +3)+ G v =0, ¢(T) = 0. (33)
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Besides, applying (28) into (23), we obtain
di™) = [AzN) — BR{'BT(Ki™N) — Pl + o)

N
~ 1
_ 1
+ Gz — Ry'sldt + EodWi
where 2 (0) = &
obtain

= (A+G)Z + BR'BT (Pl—p)—R;'5,2(0) = 2y (34)

N A o
> il Tip. As an approximation, one can

where A 2 A — BR;'BTK.By(26),(27),(29), (33), and (34),
we construct the consistency equations

t=(A+G)z+ BR'BT(Pl - )
— Ry'5, 2(0) = o
[=(A+ Q)+ Ry'w+ Ry (P +35), 1(0) =0
5= —(A+G)'54+ PBR;*BT(KZ — Pl + ¢)
— 7, 5(T) =0
¢p=—-ATo - KBR'BT"Pl - KGz + KR;'5

(35)

+UZ + 7+ PRy (Pz +5)—GTv,0(T) =0
V= —(A+G) v+ (T -Q)z+17
+ PRy (PZ +3), v(T) = Hz(T).

For further analysis, we assume the following.

(A3) (35) admits a unique solution in C'([0, 7], R®™).

Note that (35) can be taken as an FBSDE without diffusion
terms. The condition of contraction mapping in [27, Th. 5.1]
holds necessarily. Thus, (35) must admit a unique solution in
a small time duration [Ty, T']. However, some additional condi-
tions are needed for existence of a (global) solution to (35) in
the time duration [0, 7']. We now give a sufficient condition that
ensures (A3).

Let
[A+G BRllBTP}
Mll = 1 —
| R,'P A+ G
[—R;' —BR{'BT 0
Mo = 2 1
P LRy 0 erl]
PBR'BTK ~PBR;'BTP
Ma = | -KG +V + PR,'P 0
U —Q+PRy'P 0
[ —(A+G) PBR;'B"K 0
My = |(K + P)Ry* -A -GT
PR;! 0 —(A+G)
Then, (35) can be written as
x T 0
l l 0
b I R I R
@ 2 1
0 v n

Proposition 11.4: 1f the Riccati differential equation
Y = Moy + MY — Y My — Y MY



1536

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 66, NO. 4, APRIL 2021

van=[8 9 1)

admits a unique solution Y € R3"*2" in [0, T, then (A3) holds.
Furthermore, under the assumption 7 = 0, if the Riccati differ-
ential equation

Z =M+ M1 Z — ZMyy — ZMo1 Z,Z(0) =0 (37)

admits a solution Z € R?™*3" in [0, 7], then (35) admits a
solution in [0, T7].

Proof: Denote m = [z1,1T]T, and 2 = [sT, T, vT]T. Let
T
z=Ym+ o, a(T) =0. Then, Y(T) = [8 hg ]T. By (36)
z = Ym + Y(Mnm + Mlgz) + &
= (Y +YM+YMY)Z+YMpaa+ d
= Mgl.f + MQQ(Y.’E + Oé) + [ 77T 77T T}T]
Thus, we obtain
Y = Moy + MayY — Y My, — Y MY (38)
& = (Myy — Y Myg)a+ [-77" 7", 77" " (39)

00 HT 7 e .
where Y (T') = [0 0 0 I and «(T) = 0. Since (38) admits

a unique solution, then (39) has a unique solution. Applying

z =Y m + «into (36), we have
m = Mllm + M12(Ym + OZ), m(O) = [.’Eg,O]T

which implies (35) admits a unique solution in [0, T'].

VAR AT AT
enote [Z21 T 223] Note that s(T) = ¢(T) =0,
and v(T) = Hz(T). We have

0 0

0 0 le ZIQ Z13

H 0 Zo1 Zay a3
0 0 0

- 0 0 0 £ Iy,
HZ\\(T) HZ»(T) HZs(T)

By the modified Radon’s Lemma (see, e.g., [1, Th. 3.1.3]), the
proposition follows. |

C. Asymptotic Optimality

For Problem (PF), we may design the following decentralized
control:

a;(t) = =Ry ' BY[K(t)x(t) — P(t)I(t) + o(t)]  (40)

where K, P are given by (32) and (10), respectively, and | and
@ are determined by (35). After the control (40) are applied in
(13) and (14), we obtain the following state equations:

di; = [Ad; + Ge™) 4 BRT'BT (Pl — ) — Ry'4]dt

+0dW;,i=1,...,N. (41)

dé = — [(A +G)"5—PBR;'BT(K&") =Pl + ¢) + ﬁ] dt

AR
+ 7 2 DB = 5p)dw, 5(T) =0.

i=1 j=1

(42)

For further analysis, we assume

(A4) The Riccati equation admits a solution
P+ PA+G)+(A+Q)TP— PR,'P
— PBR;'BTK =0, P(T) = 0.

Lemma 2.2: Assume that (A0)—(A1), (A2'), (A3)—(A4) hold.
For the system (1) and (2), we have

sup E (J[a™) = &2 + 5 - 5/12) =
0<t<T

Proof: 1t follows by (41) that
di™) = [(A+@)2™) + BR*BT (Pl - ¢)

Z odW;.

Denote & £ #(N) _ 7 and X £ 5 — 5. From the above equation
with (35) and (42), we have

O(1/N).

— Ry'&]dt + —

d¢ = (A+ G)édt — Ry xdt + — ZadW

171

1 N
£(0) == > xi—To (43)
P>
dx= - [(A+G)"x — PBR;'BTK¢]
1 N
+ 522 (8- )dWJ, X(T)=0. (44

2 (P +4p)]dt
1 N
+5 > odW; g+
=1
_— [(A +G)T(P¢ + ) + PBR; 1BTK§}

which gives Zf;l B! = (P +1I)o,and
P+PA+G)+(A+Q)TP— PRy'P
+ PBR;'BTK =0, P(T) =0,
G+ (A+G—Ry'P)YTp =0, ¢(T) =0
From (A4), we have P is existent and (¢) = 0. Thus
N

€)= ')+ [ TN Y qawi(u)

0 i=1
where T = A + G — R; ' P. By (A0), one can obtain

2 "ot
B0 < 2 e { g Bllal?+ [l o

which completes the proof. |
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Lemma 2.3: fu = (uq,..., N) satisfies

then there exists C'y independent of N such that E fOT [|lu ||?dt <
Cyforalli=1,..., N.
Proof: Let f = 0. Since Ry > 0, then sup; J& .(u) < C im-
plies E [} [|u,|[?dt < Cy foralli =1,...,N. [ |
Lemma 2.4: Assume that (A0), (Al) (A2’ ), (A3), and (A4)
hold. Then, there exists a constant Cy independent of NV such
that

<NCO.

sup ZJ

feur —
Proof: Under (A0), (A1), and (A2)), f = —R2 (Pz ) 4
s) is a maximizer of ZZ VIR @, f), e, Zl 1 F(ﬂ,f) =
sup SN JF (@, f). By Lemma 2.2, we obtain

sup E[[#V)” sup (22 - 2] + 2)121)*) < C
0<t<T <t<T

sup Els(t)[|* < sup (2E[5]* +2E[s — 5|*) < C

0<t<T 0<t<T
Denote g = G&(™) + BR'BT (Pl — ¢) — Ry's. Note that
l,¢ € C([0,T],R™). Then, we have supy-,-7 E||g(t)[* < C.
It follows from (41) that

T 2
E|2? < C+BCHE/ AT |
0

T, 2
+3]E/ HeA(T_T)UH dr.
0

From this with (40), we have

Zsup JFuf Z]E/ {H@—FJ’}(N)—UHZ

i—1 feulf
il = 11 fl%, } dt < NCo.

|
Let k; 2K Z; + ¢, where ¢ is given by (35). We have the
following approximation result.
Lemma 2.5: Assume that (A0), (A1), (A2'), (A3), and (A4)
hold. Then, for problem (PF), we have

sup E[E™) — o[ = O(1/N)
0<t<T
where k() = + SN | k; and v is given by (35).

Proof: Let Y =v — K —
calculations, we obtain
di(t) = —ATI(t)dt, I(T)=0
which implies ¢(¢) = 0. This further gives v = KT + ¢. By
Lemma 2.2, we have

. By (35) and some elementary

sup E[|k™) —v|? = sup E||K(@MN) —z)|?
0<t<T 0<t<T
< C sup E|lzY) —z||2 = O(1/N).
0<t<T
This completes the proof. |

We are in a position to state the result of asymptotic optimality
of the decentralized control.

Theorem 2.4: Let (A0), (Al), (A2'), (A3), and (A4) hold.
Assume that (P2) is convex. For Problem (PFa), the set of control
laws 4 = (ty,...,4y) given by (40) has asymptotic robust
social optimality, i.e.,

1

WO 1 WO
NJsoc( ) - NulenufF JbOC( ) :O(ﬁ)
Proof: See Appendix A. |

I1l. RoBUST MEAN FIELD SOCIAL CONTROL OVER AN
INFINITE HORIZON

In this section, we consider social optimum control in robust
mean field model over an infinite horizon. Let

Ugi = {ul | u;(t) € o(x;(s),0 < s <t)

B [" el < oo
—E /000 e Pt {Hxl(t) —

sl — 17O, | d

and

Ji(u, f) = 2™ () =],

(45)
where p > 0.
Problem (PIa): Seek a set of decentralized control to

asymptotically optimize the social cost under the worst-case
disturbance for System (1) and (45), where Jyoc(u, f) =

Zi]\il Ji(u, f), and

U = {u2| u;(t) € o(z;(0), Wi(s),0 < s <t, 1 <i<N)
IE/ eﬂt||x,-(t)2dt<oo}.
0

A. Decentralized Control Design

Letu; = a; € U.,i = 1,..., N be fixed. The optimal control
problem with respect to drift uncertainty is as follows:

(P4) minimize ;;;, Jsoc (i, f)

where
1Y %0
jsoc(ﬂ,f):§ZE/ e—Pt{_Hxi(t)_l—‘x(N)(t)
i=1 0
—nllg + I (1), | ot (46)

1) An Example of a Scalar Model: Consider the case
of uniform agents with scalar states. Let A =a,n=0,G =
O,Q: 1,I'=7, Ry =13, x; EV]R and 4; =0, =1,...,N.
By rearranging the integrand of Jy,, we have

. 1 e N
Jsoe = —IE/ e Pt (—J:TQ:U + N’I"Qf2) dt
2 Jo

and Q = (g;;) is given by
Gii =1+ (" =20)/N, Gy = (V" =29)/N, i #
Introduce the Riccati equation

where 2 = (z1,...,25)7,

2(a—7)P——P11TP O =o0. (47)

N?”Q
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By observation, P has the form

- Jp ifi=yj
Pii =\ q ifi# .
Denote a = a — 5. By solving (47), we obtain the maximal
solution as follows P=q+ 5 and

1 1
q:N(T2a_QEL+ T§a2+7“2(72—2’y—1)>.

The optimal control is given by

F Tp,._ |7 o Lo o (N)
= Nr21 Px = [a—i—\/a —|—T2('y 2 1)]:r .
[ |
For general systems, we make the following assumptions.
(A5) Problem (P4) is uniformly convex in f;
(A6) A+ G — 51 is Hurwitz.
Below are some equivalent conditions to (AS).
Proposition 3.1: Let (A0) and (A6) hold. Then, (A5) holds,
i.e., (P4) is uniformly convex, if and only if one of (i)—(iv) holds.
i) For any f € U,, there exists § > 0 such that
1

= oE /OOC ot (_yTQy + NfTR2f> dt

26NIE/ 2| 2t
0

where y € RV satisfies
dy = (Ay +1® f)dt, y(0) = 0.

ii) The equation

pP=ATP +PA-Q-P1®I)(NRy) (1T o )P
admits a solution such that A — (1 ® I)(NRy) (1T @ I)P —
£(In ®I) is Hurwitz.

iii) The equation

P=(A+G)'P+PA+G)—

admits a solution such that A + G — 51 is Hurwitz.

iv) The real part of any eigenvalue of M is not zero, where

A+G-¢ Ry!

—-([I-D)TQU-T) —AT —GT + g1
Proof: (AS)<(i) follows by [25, Lemma 1]. We now prove

(i))=(AS5). If (ii) holds, then by the completion of squares
technique, we can obtain

JéOC (f)

o0 _ 1 B
_ IE/O e'N||f(0) + BT @ DPy (1)

PR'P+ ¥ —Q

2
dt > 0.
Ro

Clearly, J...(f) = 0leads to f(t) = —+R; ' (17 @ I)Py(t),
which together with y(0) = 0 further implies f(¢) = 0. From
[15], we obtain that J. .(f) is positive definite, which im-
plies that (P4) is uniformly convex. Note that (A — S(In ®
I)),Iny ®1I) is stabilizable. From (5) and (A5)<(i), (P4) is
uniformly convex if and only if there exists § > 0 such that

[o¢] [o.¢]
[ e Nl + Ry ar> [T ealPan
0 0
Following the proof of (ii)=-(AS), we obtain (iii)=(AS). Since
(A6) holds, it follows by [34, Th. 5 3] that (A5)=-(iii). Note
that 17 @ NA=1T2 (A+G), AQl®I) =12 (A+G),

and %(1T®I)Q(1T®I)—Q7\I}. We have +(17®

NP(1T®I)=P. From (4) and y; =yp = - = y M), we
obtain (iii)<(ii). (iii)<>(iv) is implied from [28]. |

Remark 3.1: From the proof of Proposition 3.1, Assumption
(AS) implies J.,.(f) > 0, i.e., (P4) is convex in f.

With some abuse of notation, in this section, we still use
P,K.Y , Z 5,5 p,v....Buthere P, K,Y, Z are time-invariant
and s, 3, , v are functions of time ¢ € [0, 0o). Following (10)—
(12), we may construct f = —R,'(PzN) + 3), where P €
R™ " and § € Lffjg (0, 00; R™) are determined by

(A+G—§I)TP+P(A+G—§I)

—~PR;'P-(I-D)TQ(I-T) =0, (48)

di+[(A+G —Ry;'P — p)T5 + PBa™) + q)dt

+ = f: GdW; = 0. (49)
N <

Theorem 3. 1 Under (AO), (AD), and (AS). Problem (P4)
has a minimizer f = — Ry *(Pz™) + s) where P is the max-
imal solution of (48) and § is the unique solution of (49) in
L%%(0,00;R").

Proof: Denote #; = e~ 5'w;, t; = e~ 5tu;,and f = e &L f. 1t
follows by (1) and (46) that

dti(t) = [(A—gf) #:(t)+ Bl (t) + G2 (1) + f(t)] dt

+ e SladWy(t),

~33 [ (-l -

ey 2 ‘
—eEg + £ DI, |t
By a similar argument in the proof of Theorem 2.1, we obtain
jsoc(ﬂy f) - EAll + %Aé, where

A al o0 , A (N)
:;E/O [<—Q<wi—(l“w +77)),yz

~T§™) + (Rof, ] dt

N 00
A , , 2 ‘
82 308 [T - ra O + 1A, )
i=1
and yJ; satisfies
ds = [(A=2) s+ g™ + f] at, .(0) =o.

By (A5), A}, > 0. Problem (P4) has a unique minimizer f =
—Ry'pM) with pV) = L Z _, pi if and only if

ati = [(A= 1) i+ i — By + G

1<i<N

TN (t)

Ay

+ 67pt0'dWi, 131(0) = T;0

T
dp; = — [(A - gl) pi+ G — Qi + W)

L N .
et dt—i—Zj:l Blaw;
(50)
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admits a set of solutions (&;,p;,i=1,...
(0, 00; R™). It follows from (50) that

di ™) = [(A+ G — £1) #M) + Ba™)
—Ry'pM] dt + e~PtodW;, ;(0) = z40

A =~ [(A+G = )TN 4 (¥ - Q)i
+e Pt ]dt+2 L Blaw;.

Note that A 4 G' — £1 is Hurwitz. By (A5) and Proposition 3.1,
we obtain that (48) admits a maximal solution such that A + G —
%I — R 1 P is Hurwitz, which with [34, Lemma 2.5] gives that
(49) admits a unique solution in L2 (O oo; R™). Let pV) =

Pi(N) 4 4 where § = e~ 2'5. Then, we have that (¢(V), p(V))
is a solution of (51). By a similar argument to Theorem 2.2, the
proof is completed. u
After the worst-case drift f is applied, we have the following
optimal control problem.
(P2): Minimize Jooc(u, f(u)) over {u;,1 <i < N)|u,; €
U.}, where s € L;§(0, oo; R™)

,N) in L2,
i)

&1V

dz; = [Az;+ Bu; + Gz™) — RyY(P2™) + 5)]dt
+0dW;, x;(0) = 0,1 <i < N (52)
ds — — [(A +@)Ts+ PBu™ 4 ﬁ] dt
N N
J
NZZ(B -3 (53)
JSOC(U> 1XN:E/DC e‘f’t{Hxi_rx(N) _nHQ
24" Jo Q@
N
HluilE, = P2 + ]2, | dt. (54)

Lemma 3.1: Assume that (A0), (A5), and (A6) hold, and
there exists a constant C(y > 0 such that Ry > C{I and Ry >
C{I. Then, Problem (P2’) is uniformly convex.

Proof: Letz € R™ and 3 € R" satisfy

dz = (Az+Bu—1® R;'5)dt, z(0) =0 (55)
ds = — {(A + &5+ %PB(IT ® Du| dt
1 N N )
+ 5 ZZBgde. (56)
i=1 j=1

By a similar argument with [25], we obtain that Problem (P2)
is uniformly convex if for any wu; € U,, there exists § > 0 such
that

]E/ e Pt (ZTQZ +u’Rju— NéTRglé) dt
0
o0
> 6E/ e PH|ul?dt. (57)
0
Note that A + G —

B [ erslta < LB [ e u)Par 69
0 N Jo

£1is Hurwitz. By [34, Lemma 2.5] and (56)

Since A — g[ is Hurwitz, from (55) and (58), we obtain

E/ e”’t||z||2dt§0/ e P'E||u)|?dt.
0 0

Note that Amin(Q) > —Amax (¥ + PRglP). Thus, there exists
C{ > 0 such that for Ry > CyI and Ry > CyI, (57) holds. W
Based on the analysis in Section II-B, we construct an auxil-
iary optimal control problem.
(P5): Minimize J;(u;) over u; € U;, where
di;= [A%;+Bu;+ Gt — Ry (PZ+35)|dt + ocdW;
2;(0) = 40

d; = — [(A+ G)"; + PBu;| dt + zidW;

Ji(ui) = %]E /Ooo e [2] Qx; — 2(Vz + )" 2y
—2(Pz +35)T Ry Py + 20T (G; — Ry ")
—2(Pz + 8)" Ry " + u] Ryu;] dt.
Here 5,v € C,/5([0, 00), R™) are determined by
—(A+G —p)T5 - PBu—1
—(A+G—pD)Tv+ (¥ — Q)T + 17+ PRyY(PZ +s).

By using the method in [38] and [44], we can show that if (A6)
holds and ) > 0, (P5) admits the unique optimal control

4;(t) = — Ry'BT(Kxi(t) — Pl(t) + o(t)) (59)

where K € R™*™ and [, ¢ € C,/5([0,00), R™) are determined
by

§:

=ATK+ KA—- KBR'B"K +Q
[=(A+ @)+ Ry;'v+ Ry (P +5), 1(0) =0
po=¢+ATp + KBR{'BT Pl + KGz
— KRy'5— (Vz +7)— PRy (Pz +5) + GTw.

By applying the control (59) into (52) combined with mean field
approximations, we obtain the following equation system:

i = (A+G)Z+BR;'BT(Pl—¢)— Ry '5,2(0) =
[=(A+G)l+ Ry'v+ Ry (Pz+5), 1(0) =0
§=—(A+G—p)T5+ PBR;'BT(KZ + ¢)—
KGz
~GTy

¢=—(A—pTp ~-KBR;'BTPI - (60)

+ KRy'5+ 9% + 7+ PRy (PZ + 5)
—(A+G—=pDTo+ (T -Q)z +17
+PR; (P +5).

For further analysis, we assume.
(A7) (60) admits a unique solution (Z,l,s,p,v) in
Cp/Q([()? 00)7 R5n)

The existence and uniqueness of a solution to (60) may be
obtained by using fixed-point methods similar to those in [18]
and [38]. We now give a sufficient condition that ensures (A7) by
virtue of Riccati equations. Using the notation in Section II-B,
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we have g

i, T 0 1.05

l‘ l 0 11

¢l = My Mio s|+ | -7 61) 15

. Moy Moo + plsy, r 12}

' ¥ n

i] v 77] o -1.25

Proposition 3.2: If the algebraic Riccati equation
Moy + pY + MY —Y My — Y MY =0
admits a solution Y € R37*2" guch that both Mi; + MY —
815, and —Myo + Y My — 13, are Hurwitz, then (A7) holds.
Proof: Denote m = [z, 1117, 2 = [sT, T, vT]T. Let 2 =
Ym + a. By (61) and It&’s formula, we obtain

0= My + (Mo + pl3,)Y =Y M1 —Y MY  (62)

& = (Mo + plap — Y Mys)a+ [—7", 5", 7" " (63)
Since (62) admits a solution such that — Moy + Y Mo — g I,
is Hurwitz, then (63) has a unique solution

at)= — /tooexp (Y Mg — Moy — plsy,) (T — t)]

=t
Applying z = Y'm + « into (61), we have

m = (My1 + My2Y)m + Misou.
Since Myy + MY — 815, is Hurwitz, then [z7,17]7 €
C,2([0,00), R?™), and this further implies that (60) admits a
unique solution in C,,/5([0, 00), R®™). |

B. Asymptotic Optimality
Let
ii(t) = =Ry BT (Kui(t) — PU(t) + ¢(t))  (64)
where [ and ¢ are determined by (60). After the control 4; is
applied, the closed-loop dynamics can be written as
di; = [Az; + G2™) + BRTBT (Pl - ¢)

— Ry*3)dt + odW;.
For further analysis, we assume
(A8) The equation
P(A+G)+ (A+G)'P—PR;'P+PBR;'BTK =0
- I . (65)
admits a solution P such that A + G — 41 — R,'P and A +

G — 21 — Ry'P are Hurwitz, where A= A— BR;'BTK
and G =G — R,'P.

Theorem 3.2: Assume (i) (A0), (A1), (A5)—-(AS8) hold, (ii)
A — £1 is Hurwitz , and (iii) (P2') is convex. For Problem
(PTa), the set of control laws @ = (4q,...,uyN) given by (40)
has asymptotic robust social optimality, i.e.,

N feu. ui€lle fei, VN
Proof: See Appendix B. |

1 1 1
— sup Jsoc(t, f) — i inf sup Jsoc(u,f)‘ =0 () .

[V. NUMERICAL EXAMPLE

We now give a numerical example for Problem (PF) to ver-
ify the result. Take the parameters A = B = Ry = Ry = Q =
H=1,G=-15T1=0.5,n7=0,andT = 1. By solving (10),

L %, which is showninFig. 1.

we can obtain that P(t) = — =y
By Proposition 2.2, (A2') holds. For (37) in Proposition 2.4, the

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

0.1 0.2

Fig. 1. The curve of P(t).
2(1,1) 2(1,2) 2(1,3)
o R e
Z(2,1) Z(2,2) Z(2,3)
R ey Teemen ey thans
Fig. 2. The curves of all entries of Z € R?*3 when t € [0,0.7].
16
'Q.
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
Time
Fig. 3. The curve of P(t).

curves of all entries of the solution Z are given in Fig. 2. It
can be seen that when ¢ € [0,0.7], (37) admits a solution. By
MATLAB computation, the solution blows up at £ = 0.758276.
From Proposition 2.4, when ¢ € [0,0.7], (A3) holds. The curve
of P is shown in Fig. 3. It can be seen that the Riccati equation
in (A4) admits a solution P when ¢ € [0, 0.8]. As a conclusion,
when ¢ € [0,0.7], (AO), (A1), (A2'), (A3), and (A4) hold. By
Theorem 2.4, Problem (PF) admits a set of control laws, which
has asymptotic robust social optimality.

V. CONCLUDING REMARKS

This article considered a class of mean field LQG social
optimum problem with global drift uncertainty. Based on the soft
control approach, a set of decentralized strategies is designed
by optimizing the worst-case cost subject to consistent require-
ments in mean field approximations. Such set of strategies is
further shown to be robust social optimal.
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For further work, it is of interest to consider mean field team
optimization with volatility-uncertain common noise. Due to
common noise and volatility uncertainty, all agents are coupled
via some high-dimensional FBSDE systems. Other interesting
topics include robust mean-field type social control [8], [30],
mean field social control with partial information [39], [43], and
with discrete sampling [26], [32].

APPENDIX A
PROOF OF THEOREM 2.4

Proof: Note that we only need to optimize the social cost under
worst-case disturbance J¥° (u). By Theorem 2.2, Problem (P2)
is equivalent to (PF). From Lemma 2.4, one can obtain that for
(P2)

T
E [ Gl + Jal)a<c. A
0

JIO (u)

soc

< JWO

It suffices to considerall u; € UF such that wo(u) <

NCy. By Lemma 2.3
]E/T||uil2dt<0,i:1,...,N (A2)
which implies ’
E/T|u(N)|2dt <c
By (14) and [44, Ch. 7]?we have
IE/OT |s||?dt < C1E /OT [u™)2dt < C.

From (13)

(A3)

N
_ 1
de™) — [(A+G)m(N)+Bu(N) _R;S} di+ ) odWi
i=1

which together with (A.3) implies E fOT |2N)]|2dt < C. This
with (A.2) leads to

T
E/ (lil® + [luill* + lls]1*)dt < C. (A4)
0

Let Z;, =x; — Z;, U; = u; — U, izl,...,N, f(N):
L3N %jand 5 = s — 3. Then, by (13)

di; = (A%; + GE™) + Bi; — Ry'3)dt, #;(0) =0. (A.5)

ds = — [(A +&7T5+ PBa(N)] dt

1NN~_
PSS Blaw,, S(1) =0, (A6)

i=1 j=1
By (A.1) and (A.4)
T
EAU@WHWW+%M&<G

From (15), we have

JE (u)zlij/T{ i — ™) — 1 &,
soc 2i:1 o T ?
—TEM|2 + || + )3,

—|P@E™N + &)+ 5+ 5\@;1] dt

Authorized licensed use limited to: CAS Academy of Mathematics & Systems Science.

1
+5E 2(T) + #(T)||5
N ~-
= > (JF (@) + Jf (@) + 1) (A7)
=1
where
jF~é1ET i T2 ~ 12
@2 g8 | 0= e +

] 1
P2 | dt + SE[@)]5

I, =E /OT [(a: e n)T Q (ac - r:zUV))
+af Ryiis — (P + g))T R,

x (PzN) 4 5)} dt + E[zT(T)Hz:(T)].
By Lemma 2.1, Problem (P2) is uniformly convex. As shown
in [15] and [25], for any A; € (0,1) and Ao =1 — A1, we
have
N ~-
Mg Y JF (@)
i=1
=nJE (u) (a) (Mu+ ro@t) >0
which implies 3", JF (i) > 0. We now prove + "N | I; =

O(\/% ). By straightforward computation

1TQ((I - T)#™ — n)] n aiTRlai} dt

_JF

SOocC

+ )\,QJF

i7 [QGa: -~ T ™) — )

T T
— NE / (P:%(N) +§) Ry} (Pi™) 4 3)dt
0
N

S BT (1) Ha(T))

N T
i=1 Y0
—(Pz+38)" R;P@} dt
N T
+ZE/ &7 (¥~ PRy P)i;— PRy dt
i=1 70

2

u  (AB)

T N
_ NIE/ (Pz +3)7 Ry 'sdt + S [T (1))
0 i—1
where ¢ = &(N) — z. By (35) and (41)
dki = {—ATk; — Qi + (VT + 77) + PRy (P + 5)
GTo+KG(EW — ) — KRy (5 — g)} dt

+ KodW;, ki(T) = Hiy(T).
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By (A 5) and Itd’s formula

ZE T)Hii(T)]
N T
:ZE/O {-[Qi; — (¥7 +17) — PRy'(P7 + 5)

_ T
+GTy - KGEW) — 7) + KRy (5 — 5)} F;
+5T(GE ™ + Ba; — R;lg)} dt

and

N
0= ZE[ZT(T)g(T) —17(0)5(0)]
= NE /T[R21v + Ry (Pz + 5))T 5dt
0

T
—~ NE / (T PBa™M)dt.
0

The above two equations lead to
N

Y ER(1)H&(T)]

- i )
:ZE/ {~ Q& — (Y7 +7) — PRy (Pz +5)
i=1 70

~KGGE™ — %) + KR;'(3-9)]

—al Rya; + (k™) — )T G,
—(E™) —v)R3'5 + (PZ + g)TRglg} dt.

From this and (A.8)
ZI = Z]E/ [€7(¥ — PRy'P + KG)z,

+ (k) —0)T(GE; — Ry'5)
+((P+ K)Z; + 5)Ry* (5 — 8)] dt.

By Lemmas 2.2, 2.5, and Schwarz inequality, we obtain

1oL
N i=1 L VN/
From this with (A.7), the theorem follows.

APPENDIX B
PROOF OF THEOREM 3.2

To prove Theorem 3.2, we need three lemmas.

Lemma 4.1: Assume that (A0), (A1), (A5)—(A8) hold. For

Problem (PI), we have

> 1
]E/O e Pt (||;%(N) —Z|*+ 15— 5\\2> dt =0 <N>

(B.1)

Proof. By a similar argument to (43)—(44), we obtain

1 N
- adWl
v

d¢ = (A+ G)édt — Ry xdt +

| X
= *chio—fo
N=

dy= —[(A+G)"x + PBR;'BTK¢] dt
N

1 N ; o
S OMMCESSLIS

1=1 5=

—

where £=3(") — Z and y=5 — 5. By Itd’s formula and (A8),
we have y = P¢ + 1), where P is given by (65). Denote T =
A+ G — Ry'P. Then

E(t) =e€(0) +

1/ a
— Y (t—p) :
N /0 e\ Z odW;(w).

i=1

This with (A8) gives E [~ e **||£(t)[|2dt = O(1/N). [ |
Lemma 4.2: Assume that (AO), (A1), (A5)—(A8) hold. For

Problem (PI) and any NV

max IE/ e Pt (121> + ||ai)|?) dt < occ. (B.2)
0

1<i<N

Proof: By (A7) and Lemma 6.1, we obtain that

ooe’Pt N2 4+ 115(8)112 .
E/o (&M 012 + [15(1)]%)dt <

Note that A — 21 is Hurwitz. By Schwarz’s inequality

o0
]E/ e Pz (t)]|%dt
0

IN

C’+3E/ e Pg(p )||2/Oot||e(“i’§1)(t’”)||2dtdu
1

+3CE/ e*WHa(M)||2/w||e<f‘*%f><t*~>a]|2dtdp
0 Iz

IN

C +3CE / el g(p) | du
0

+3CE/ e PH|lo(p)||Pdu < Cy.
0

This with (A7) completes the proof. |
Lemma 6.3: Assume A — £1 is Hurwitz. Then

B[R~ ol < 0/,
0

Proof: By (60) and some elementary computations, we
obtain di(t) = —(A — 51)T9(t)dt, where ¥ =v — KT — ¢
This leads to ¥(t) = e~ (A=5D%9(0). Since A — £1 is Hurwitz,
and ¥ € C,/5([0,00),R™), then we have 9)(t) = 0, which im-
pliesv = KZ + ¢. By Lemma6.1, [;* e PR (kN — v|2dt <
O(1/N). This completes the proof. |

Proof of Theorem 3.2: As in the proof of Theorem 2.4, we
restrict to Problem (P2'). It suffices to consider all u; € U, such
that sup reyy. Jsoc(, f) < supseyy, Jsoc(t, f) < NCp. Taking
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f =0, we have
o
IE/ e Py ||?dt < C. (B.3)
0
By (53) and [34], we have
E/ e Pt|s||2dt < CﬂE/ e P u™)|2dt < C.
0 0

Noticing A + G- §I is Hurwitz, one can obtain
E [,° e Pz ||2dt < C which with (B.3) implies

B [t (lal? + Jual? + o) de < B
0
From this and (B.2)
E [l + lal +slde < @
0

We have Jooo(u) = 32N (Ji(a) + Ji(@) + T;), where
7oAl Y P ~(N) |2
Ji(u):iE/o e [||xl-—1"x( 13

sl — 1PN, | de
A o — ot ~ ~(N) T ~
7, =& e’ (Jci—Fx —77) Q (Z;
0

—r;zUV)) +aT Ry

- (P(a?(N) + s))T Ry (PN + 5)} dt.

From Lemma 3.1 and Proposition 3.1, jl(ﬂ) > ( for N > N,.
By Itd’s formula and straightforward computations

N N 00
1= ZE/ e P {3l Qi — Uz — 7
i=1 i=1 70
+il Ryi; — (Pz+8)T R;lpii} dt
N o0
+ Z IE/ e "¢l (U — PRy P)#; — PRy '3)dt
i=1 70
— NE / e P (Pz + 5)T Ry 5dt
0
N S
= ZE/ e P [¢" (¥ — PRy'P + KG)Z;
i=1 70
+ (k™) —0)T(Gi; — Ry'3)
+((P+ K)Z; + §)Ry' (5 — 8)] dt.
From (B.1) and (B.5), we obtain

1 N
2T =O0(1/VN),
=1
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